Let G σ be a weighted oriented graph, which is obtained from a simple weighted undirected graph by assigning an orientation to each of its edges. For a (weighted) oriented graph G σ , the undirected graph obtained from G σ by removing the orientation and the weight of each of its arcs is called the underlying graph of G σ , denoted bŷ G. By U(n, m)(m n) we denote the set of all connected integral weighted oriented unicyclic graphs with order n in which each arc is assigned a positive integral weight and the sum of the weights of all arcs is equal to the specified integer m.
Let G σ be a weighted oriented graph, which is obtained from a simple weighted undirected graph by assigning an orientation to each of its edges. For a (weighted) oriented graph G σ , the undirected graph obtained from G σ by removing the orientation and the weight of each of its arcs is called the underlying graph of G σ , denoted bŷ G. By U(n, m)(m n) we denote the set of all connected integral weighted oriented unicyclic graphs with order n in which each arc is assigned a positive integral weight and the sum of the weights of all arcs is equal to the specified integer m.
In this paper, we investigate the minimal skew energies of integral weighted unicyclic oriented graphs, showing that the underlying graph of the oriented graph with minimum skew energy among all graphs over U(n, m)(n 6) is S n,3 , the graph obtained from a triangle by attaching n − 3 pendent edges in exactly one of its vertices.
Moreover, we show that its weight sequence has form 3 . In addition, we determine the weight
Introduction
Throughout the paper, graphs have no loops and multiple edges, all matrices are real and all weights are positive. The energy of a matrix A, denoted by E (A), is defined as the sum of all its singular values of A [18] .
Research on the energy of a matrix in terms of a related graph can be traced back to 1970's [8] when Gutman investigated the energy with respect to the adjacency matrix of an (undirected and unweighted) graph, which has a still older chemical origin (see [5] ). Then much attention has been devoted to the energy of the adjacency matrix of a graph; see [2, 19, 8, 9, 11, 15, 16, 18] , and the references cited therein. Recently, in analogy to the energy of the adjacency matrix, a few other versions of graph energy were introduced in the mathematical literature, such as Laplacian energy [13] , signless Laplacian energy [12] and skew energy [1] .
Let G σ be a simple weighted undirected graph with an orientation σ , which assigns to each edge a direction so that G σ becomes a weighted oriented graph. The skew-adjacency matrix associated to the weighted oriented graph G σ with vertex set {1, 2, . . . , n} is defined as the n × n matrix S(G σ ) = [s ij ] whose (i, j)-th entry satisfies: For an arbitrary n × n real skew symmetric matrix S, the weighted oriented graph associated to S is the oriented graph whose skew-adjacency matrix is S.
In [1] , Adiga et al. introduce the notion of the skew energy of an unweighted oriented graph which is defined as the sum of the absolute values of all eigenvalues of its skew adjacency matrix. Motivated by this, we in this paper extend this notion to weighted oriented graphs. The reason can be explained as follows: Because each oriented graph contains no loops and multiple edges, its skew-adjacency matrix is real skew symmetric. Thus each real skew symmetric matrix corresponds to a weighted oriented graph with fixed vertex labeling and vice versa. Therefore, studying the properties of a skew symmetric matrix is equivalent discussing the properties of the skew-adjacency matrix of its associated oriented graph. Naturally, Motivated by Adiga's work [1] , the following question becomes interesting:
Let M be a class of weighted oriented graphs. How to characterize the graph(s) with extremal skew energies among all graphs of M?
In [1] , Adiga et al. show that the skew energy of a directed tree is independent of its orientation, which is equal to the energy of the undirected tree obtained from this tree by removing its orientation. (Strictly speaking, that paper presents the theorem for unweighted oriented trees, but this result applies equally well to the weighted case.) In [14] and [21] , Hou and Shen characterized unicyclic and bicyclic oriented graphs with extremal skew energies among all unicyclic and bicyclic graphs, respectively. More results on the energy of a weighted undirected tree can be found in [19, 20] .
Therefore, in this paper, we study the question above and focus on the graph(s) with minimum skew energy among integral weighted oriented unicyclic graphs. Denote by U(n, m)(m n) the set of all connected integral weighted oriented unicyclic graphs with order n in which each arc is assigned a positive integral weight and the sum of the weights of all arcs is equal to the specified integer m, and by S n,l the undirected graph obtained from a cycle C l (l 3) by attaching n − l pendent edges to exactly one of its vertices. For a (weighted) oriented graph G σ , the undirected graph obtained from G σ by removing the orientation and the weight of each of its arcs is called the underlying graph of G σ , denoted byĜ. Because the skew energy of an oriented graph with small order can be calculated directly by mathematical software such as Matlab7.0, we focus on the graphs with order at least 6 
In addition, we will determine the weight sequence above for n m 3n − 1.
Preliminary results
To prove Theorem 1, we introduce in this section some notation and preliminary results. Denote by φ(G σ , λ) the skew characteristic polynomial of the oriented graph G σ , which is defined
where S(G σ ) is the skew adjacency matrix of G σ and I n denotes the identity matrix of order n.
The following two results are cornerstones of our discussion below, in which Lemma 2 determines all the coefficients of the skew characteristic polynomial of an oriented graph in terms of its linear oriented subgraphs, and Lemma 3 is a critical recursion related to the skew characteristic polynomial of an oriented graph. Lemma 2 [3, 6] . Let G σ be a weighted oriented graph on n vertices and its skew characteristic polynomial 
is an arc not contained in any even cycle, where w e is the weight of the arc e.
Lemma 2 implies that to study the spectral properties of an oriented graph, we need only consider the orientations of those arcs lying on even cycles.
As a consequence of Lemma 3, we have
Corollary 4. Let G σ be a weighted oriented graph and e = (u, v) be an arc of G σ with weight w e . If e is not contained in any even cycle, then
The following integral formula for the skew energy of an oriented graph, an analogy to the Coulson integral formula for the energy of an undirected graph; see [17] , is another important tool of our discussion.
Lemma 5 [7, 14] . Let G σ be an oriented graph of order n. Then
From Lemma 5, for an oriented graph G σ , the skew energy E s (G σ ) is a strictly monotonically increasing function of the coefficients a 2k (G σ 
. Thus, similar to comparing the energies of two undirected graphs with respect to their adjacency matrices, we can define a quasi-ordering relation "
" for oriented graphs as follows. 
In addition, the following result is needed.
Lemma 6. Let G σ be an oriented graph with order n and skew characteristic polynomial
where p, q = 0. Then
Proof. By direct calculation, we have
Note that the non-zero eigenvalues of G σ are all purely imaginary numbers, then p, q > 0 and p 2 − 4q < 0. Hence,
Then the result follows.
The proof of Theorem 1
We divide our proof into several theorems. To complete the first part, we characterize the topological properties of the desired weighted oriented graph in the first three theorems. Then using the next two theorems we discuss the desired weight sequence and complete the last part of the proof. Consequently, to reduce a 4 (G σ ), we must assign the two largest weights to the two arcs lying on C 3 and incident to pendent arcs, and assign the least weight to the other arc of C 3 . Hence, the result follows.
Lemma 8. Let n 6 and G σ be the oriented graph with minimum skew energy among all oriented graphs of U(n, m). If its underlying graphĜ is S n,l for some l(l
Proof. Without loss of generality, suppose that the weight sequence {w 1 , w 2 , . . . , w n } of G σ satisfies On comparison with Eq. (3.1) with n = 6, we see thatĜ = S 6,3 and the result follows. Suppose that the result is true for the order of G σ no more than n − and
where S σ n,3 denotes an oriented graph of U(n, m) with underlying graph S n, 3 . Note that G σ − e n ∈ U n − 1, m − w n , then by induction hypothesis a 4 (G σ − e n ) a 4 S σ n−1,3 with equality ifĜ = S n, 3 and G σ has weight sequence described as in Lemma 7 (here S σ n−1,3 ∈ U(n − 1, m − w n )). Now the result follows, since a 2 (G σ \uv) w Denote by C n,l the set of all unweighted graphs formed by joining n − l pendent vertices to the cycle C l . Then C n,n = S n,n obviously. To complete the first part of Theorem 1, it remain to prove the following result.
Lemma 9. Let G σ be the oriented graph with minimum skew energy among all oriented graphs of U(n, m).
Then the underlying graphĜ is S n,l for some l.
Proof. By the discussion above, it suffices to minimize the coefficient a 4 (G σ ).
First, we show thatĜ ∈ C n,l . Assume to the contrary that G σ contains the cycle C l andĜ / ∈ C n,l . Then there exists a pendent arc (u, v) with pendent vertex u such that v is not contained in C l . Let w ∈ G σ be the vertex adjacent to v such that G − (w, v) separates the arc (u, v) from the cycle C l .
Denote by G σ 1 the component of G − (w, v) containing the vertex w. LetG σ be the oriented graph obtained from G σ by deleting the arc (u, v) and adding the arc (w, u) with weight same as that of (u, v) . ThenG σ ∈ U(n, m) obviously. There exists a 2-matching in G σ containing the arcs (u, v) and (w, x) for x = v, for which there is no 2-matching inG σ . Consequently, a 4 (G σ ) > a 4 G σ , which is a contradiction. This proves that c ∈ C l andĜ ∈ C n,l
We now show thatĜ ∈ S n,l . Assume to the contrary thatĜ / ∈ S n,l . By above discussion,Ĝ ∈ C n,l .
Then there exist vertices u and v lying on C l such that each of u and v adjacent to at least one pendent vertex. 
, we have
which is also a contradiction. Consequently, the result follows.
Putting Lemma 7 together with Lemmas 8 and 9, the first part of Theorem 1 is proved. We now discuss the structure of the desired weighted sequence.
For convenience, we call the oriented graph having minimum skew energy among all oriented graphs of U(n, m) as the minimal oriented graph for U(n, m), and the corresponding integer sequence {w 1 , w 2 , . . . , w n } with w 1 w 2 · · · w n and n i=1 w i = m as the minimal integer sequence for
U(n, m).
By the discussion above, the underlying graph of the minimal oriented graph for U(n, m) is S n,3 .
Moreover, by Lemma 7,  
and
which contradicts the minimality of the skew energy of S * n,3 by Lemma 6. Hence, (1) follows. (2) By a similar discussion, (2) follows. (3) Combining (1) and (2), the minimal integer sequence for U(n, m) has the form 
Recall that W 1 is the minimal weight sequence for U(n, m), then by Lemma 6 we have
which implies that
which yields a contradiction as n 6. Hence, (3) follows.
Consequently, we have 
Up to now, the proof of Theorem 1 is completed. In the final part of this section, we determine the minimal integer sequence for U(n, m) for n m 3n − 1. Firstly, as a consequence of Theorem 11, the following result can be obtained immediately. 
